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Abstract 

We derive the full N = 2 supergravity Lagrangian which contains a 
symplectic invariant scalar potential in terms of electric and magnetic 
charges. As shown in reference the appearance of magnetic charges 
is allowed only if tensor multiplets are present and a suitable Fayet- 
Iliopoulos term is included in the fermion transformation laws. We 
generalize the procedure in the quoted reference by adding further a 
Fayet-Iliopoulos term which allows the introduction of electric charges 
in such a way that the potential and the equations of motion of the 
theory are symplectic invariant. The theory is further generalized 
to include an ordinary electric gauging and the form of the resulting 
scalar potential is given. 



1 Introduction 



Standard D = 4 supergravities with N supersymmetries are usually de- 
scribed, for N < 4, as the coupling of the gravitational multiplet to matter 
multiplets whose bosonic content is limited to scalar or vector fields. Mul- 
tiplets containing massless twofold-antisymmetric tensor fields are usually 
converted into ordinary vector or scalar multiplets using Hodge duality in 
four dimensions between tensors and scalars 2\. However the description 
of the couplings and the geometry of the a-model is quite different in the 
dual theory. This is the case, for example, of the coupling of an arbitrary 
number of tensor multiplets (linear multiplets) in N = 1 Supergravity j3] 
and of the coupling of the scalar-tensor multiplet in iV = 2 supergravity [3] . 
From the point of view of compactification of ten dimensional supergravities 
down to four dimensions, tensor multiplets appear naturally in D = 4 due 
to the presence of antisymmetric tensors in the D = 10 theory. For a full 
understanding of four dimensional gauged or ungauged supergravities in the 
presence of tensor field fluxes in the parent ten dimensional theories, it seems 
appropriate to keep at least some of the massive tensor fields undualized in 
the resulting four dimensional Lagrangian. 

In reference jS] it has been shown, at a purely bosonic level, that ten dimen- 
sional Type IIA and Type IIB supergravities compactified on a Calabi-Yau 
threefold, give rise to theories with with tensor multiplets and that in the 
presence of general fluxes they contain both electric and magnetic charges. 
Particularly, some of the tensors might become massive due to the presence 
of the magnetic fluxes. For instance in the Type IIB case the universal hy- 
permultiplet appears as a double tensor multiplet (B$ , B^J , t , 0) and 
one of the two tensors, which come either from the R-R and NS-NS 3-form 
respectively, is massive when the magnetic R-R or NS-NS flux is switched 
on, due to following coupling with the vector field strengths: 

^ jrK = jrA + 2m IK B I (1.1) 

where J = 1 or / = 2 according to the case. Furthermore the theory with 
both electric and magnetic fluxes has a symplectic invariant scalar poten- 
tial and the set of equations of motion and Bianchi identities for the vector 
field strengths are also symplectic invariant as in the ungauged supergravity, 
provided that the electric and magnetic fluxes (m /A , ej^) transform as a sym- 
plectic vector. In reference (7], the scalar potential in the presence of both 
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R-R and NS-NS fluxes was derived. 

This result naturally rises the question of how to understand the magnetic 
charges from a purely four dimensional point of view, without introducing 
ill-defined magnetic gauge potentials in the theory, as it was done in reference 
jH]. The answer was found in reference [T] where it was shown that in N = 2 
supergravity coupled to vector multiplets and to the N = 2 scalar-tensor mul- 
tiplet (tensor multiplet in the following), the appearance of magnetic charges 
can be understood as the consequence of the redefinition of the vector field- 
strengths as in equation ([l.ljh where now, however, the index I runs on the 
number of antisymmetric tensor fields contained in the tensor multiplet. This 
is consistent with supersymmetry provided one performs a non-trivial gener- 
alization of the fermionic transformation laws of the ungauged theory. This 
modification amounts to adding to the transformation laws of the fermions a 
magnetic "mass-shift" (or Fayet-Iliopoulos term) which is therefore allowed 
if and only if antisymmetric tensor fields are present. 

In the quoted reference the theory was also generalized performing an ordi- 
nary electric gauging. However the electric charges introduced by the gauging 
cannot be identified with the electric charges of references [5],[Z] since they 
are not naturally paired with the magnetic charges giving rise to a symplectic 
vector. Indeed, if one thinks of N = 2 supergravity with tensor multiplets as 
coming from the dualization of the axionic fields on the quaternionic mani- 
fold M.q then one is left with a new manifold Air without the translational 
symmetries which have been dualized. Therefore one can not obtain, on the 
manifold Air, electric Killing vectors which are charged under the original 
axionic symmetries. 

In reference jH], the dualization of the axionic coordinates is performed after 
the translational gauging has been implemented. This way one obtains that 
the electric charges e l k associated to the gauging are naturally paired with 
the magnetic charges which one can generate by means of a suitable symplec- 
tic rotation. The approach of [.Q] however is not the most efficient in order 
to implement supersymmetry and to derive the supersymmetric Lagrangian, 
which in fact was not constructed. 

In this paper we take the attitude of constructing the full supersymmetric 
theory, namely the Lagrangian and its supersymmetry transformation laws, 
directly from the content of the gravitational, vector, and tensor supermul- 
tiplets, thus using as a a-model the manifold M. T ® M.sk- Here M.t is the 
a-model parametrized by the scalar fields of the N = 2 tensor multiplet, 
and M.sk is the Special Kahler manifold of the vector multiplets (which re- 
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mains untouched with respect to the standard N = 2 supergravity) . Our 
results show that it is possible to have electric charges naturally paired with 
the magnetic ones without performing any translational gauging, but simply 
adding, to the transformation laws of the fermions, a further Fayet-Iliopoulos 
term or "electric mass-shift", besides the magnetic one of reference [T|. As 
a result of our analysis of the Bianchi identities in superspace, supersymme- 
try then implies that the mass-shifts are symplectic invariant if one assumes 
that the vector (m IA , e A ) is symplectic, that is transforms as the symplectic 
section of the Special Geometry. Since the scalar potential is constructed as 
a quadratic form in the mass-shifts it is automatically symplectic invariant. 
As a particular case the scalar potential obtained in this way coincides with 
the scalar potential obtained in the case of Calabi-Yau compactification from 
Type IIA and Type IIB supergravity when the scalar-tensor multiplets 
are suitably specified. Therefore, as a particular case of our construction we 
obtain the complete four dimensional supergravity corresponding to Type 
IIB compactification on CY in the presence of both R-R and NS-NS electric 
and magnetic fluxes. 

Note that as in the standard ungauged N = 2 theory the equations of motion 
and the Bianchi identities for the vectors are still covariant under symplectic 
transformations of the electric and magnetic field-strengths. If we perform 
an ordinary gauging of the theory, then of course the on-shell symplectic 
invariance is broken leaving however the symplectic invariance in the sector 
parametrized by m /A , e A . 

We also note that our Lagrangian is invariant under the combined gauge 
transformations [3]: 



SB^ V = d [fM A Iu] (1.2) 
6A$ = -2m IA A IlM (1.3) 

where / is the number of 2-forms of the tensor multiplet, and A/ M is a 1-form 
gauge parameter, if and only if the electric and magnetic charges satisfy the 
constraint: 

e A m JA - e{m Ih = 0. (1.4) 

The same constraint also appears from the supersymmetry Ward identity for 
the scalar potential [0J. This constraint is a generalization of the tadpole 
cancellation mechanism in ten dimensions, where the indices J, J take now 
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only the values 1, 2 associated to the NS-NS and R-R 2-form. 
The paper is organized as follows: 

In Section |21 we describe how to generalize the Fayet-Iliopoulos mechanism 
related to magnetic charges to include also a further mass-shift related to 
the electric charges, therefore obtaining symplectic invariant expression for 
the mass-shifts of the fermions. 

In Section El we give the Lagrangian and the supersymmetry transformation 
laws for the N = 2 supergravity coupled to an arbitrary number of vector 
multiplets and to the tensor multiplet in our general setting, where electric 
and magnetic charges are present (the method we use is described in Ap- 
pendix B). 

In Subsection 13.11 we further generalize the Lagrangian by gauging the elec- 
tric vector potentials with an arbitrary group Q, while in Subsection 13.21 we 
discuss the general form of the scalar potential in this more general setting. 
In Appendix A we give the completion of the Lagrangian and supersymmetry 
transformation laws including 4-fermion and 3-fermion terms respectively 
which are not present in the main text. 

In Appendix B we present the superspace approach for the solution of the 
Bianchi identities and the rheonomic approach for the construction of the 
Lagrangian. 

2 The D = 4 N = 2 Supergravity theory 

coupled to vector multiplets and scalar- 
tensor multiplets 

In reference 0, [3] the general ungauged N = 2 theory in the presence 
of vector multiplets and scalar-tensor multiplets was constructed. We re- 
call the basic definitions. In this theory we have besides the gravitational 
multiplet, ny vector multiplets and hypermultiplets. The gravitational 
multiplet contains the graviton V a , the (anti)-chiral gravitinos (tp ), ipA an d 
the graviphoton A Q , where A = 1, 2 is the SU(2) i?-symmetry index. The 
ny vector multiplets contain ny vector, 2ny (anti)-chiral gauginos (A^), \ %A 
and the complex scalar fields z l , i = 1, . . . ,ny which parametrize a 2ny di- 
mensional special Kahler manifold M.sk- We denote by A^, A = 0, . . . , ny, 
the graviphoton (A = 0) and the ny vectors of the vector multiplets, where 
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A is the symplectic index in the half upper part of the holomorphic section of 
the symplectic bundle which defines the special Kahler manifold M.sk- To 
this sector we add a scalar-tensor multiplet (in the following tensor multi- 
plet) whose content is: (Bj^, ( a , ( a , q u ) 1 = 1,..., nx, u = 1, . . . , 4nn — tit, 
a = 1,...,2uh where (a are the (anti)-chiral component of the spin 
1/2 fermions. This tensor multiplet can be understood as resulting from 
the hypermultiplet sector of standard N = 2 supergravity 1 by dualization 
of the axionic coordinates of the quaternionic manifold. Indeed, the n# 
hypermultiplets, in the standard formulation contain 2nn (anti)-chiral hy- 
perinos (C°% (a, where a = 1, . . . , 2uh is a Sp(2n#, E) index, and q u scalars, 
u = 1, . . . ,4:Uh, which parametrize a 4n#-dimensional quaternionic manifold 
M.q. If the quaternionic manifold M.q admits translational isometries, 
we can split the scalars q u = (q u , q 1 ), u = 1, . . . , — tit, 1 = 1,..., tit, 
where the g J 's are the axionic scalars associated to the translations that can 
therefore be dualized into rix tensors Bi^ u . 

The cr-model of the resulting theory is parametrized by the coordinates q u 
and in the following we will refer to it as M.t- While in the standard 
N = 2 supergravity the quaternionic manifold has holonomy contained in 
SU(2)(g>Sp(2nH, R), M.t has a reduced holonomy which is however contained 



In reference [T] it was found that N = 2 supergravity coupled to ny vector 
multiplets and a tensor multiplet admits a non-trivial extension given by the 
addition of Fayet-Iliopoulos terms (or magnetic mass-shifts) which generate 
a non-trivial scalar potential. Indeed, in order to satisfy the requirements of 
supersymmetry, one finds, by suitable analysis of superspace Bianchi iden- 
tities, that the transformation laws of the fermions may be extended with 
mass-shifts (Fayet-Iliopoulos terms) defined by: 



where the explicit form of the 5o~ s hifts can be read from equations (J3.121 
13. 1313. l^}) of section El up to 3-fermion terms (the 3-fermion terms are given 

^^Here and in the following by standard N — 2 supergravity we mean N = 2 supergrav- 
ity coupled to ny vector multiplets and nn hypermultiplets as formulated in references 



in SU(2)®Sp(2n^,M)®SO(n T ). 
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(2.1) 
(2.2) 
(2.3) 



MM- 
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in Appendix A) and the "magnetic" mass-shifts are given by: 



l -a x AB ^m Ik M K (2.4) 

ig*<r cAB cjfm I % A (2.5) 
2Uf a m IA M A (2.6) 

where m /A , I = 1, . . . , nx and A = 0, . . . , ny, are constants with the dimen- 
sion of a mass and as we will see in the following, they can be interpreted 
as magnetic charges. Furthermore ujj(q u ) and Ui Aa (q u ) are SO(n-r) vector- 
valued fields on M. T carrying additional indices in the adjoint of SU(2) and 
in fundamental of SU(2) ® Sp(2n, M), respectively. Finally M(z,z) A and 
h(z,z) A are the lower component of the symplectic sections 



CfW 

AB 

^iAB(m) 
N A(m) 



V = (L A ,M A ) (2.7) 
Ui = D l V=(f A ,h Al ) (2.8) 

of the special geometry, which transform covariantly under the (2ny + 2) x 
(2ny + 2) symplectic matrix: 

where 

A T C — C T A = B T D — D T B = 0, A T D -C T B = 1 (2.10) 

It is important to note that, in order to have a supersymmetric theory, the 
magnetic mass-shift deformations imply that the vector field-strengths have 
to be redefined as follows |5] . [T2"] . [T3] : 

F K f K = T k + 2m /A Sj. (2.11) 

From equation (Jl.l)) it follows that the resulting theory must contain massive 
tensor fields Bj^ u since by a Higgs mechanism a subset (for n T < n v + 1) of 
the vector potentials are eaten giving mass to the tensors. 
Given the mass-shifts, the scalar potential can be computed from the usual 
Ward identity of supersymmetry and turns out to be: 
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V = --uj'iU X j (IitlA/ae + (ReAflmAf 1 ReA/") AS ) m /A m JS + 

+4m /A m JS M A M s (M u - u]u x j) (2.12) 

where Aas is the period matrix of the special geometry, and the dependence 
on the coordinates of M. T appears only in u](q). 

If one thinks of this supergravity theory as coming from standard N = 2 
supergravity where dualization of the axionic coordinates of the quaternionic 
manifold has been performed, one can easily see that ujj and Ui Aa are the 
remnants of the SU(2) connection and vielbeins of the quaternionic manifold 
in the directions / of the dualized coordinates q 1 jTj. Moreover the mass pa- 
rameters m IA can be associated to the dual algebra of the translation group 
isometries on the quaternionic manifold and could be interpreted as magnetic 
charges allowed by the presence of the tensor multiplets pQ, 0. 
In fact the potential (j2.12|) . in the case of Calabi-Yau compactification of 
type IIB string theory [DJ, appears to be the magnetic part of the sym- 
plectic invariant scalar potentials containing, besides the magnetic charges 
m IA I = 1,2, also the Abelian electric charges e A . This raises the question 
whether we can further modify the shifts in the fermionic transformation 
laws in such a way that the resulting potentials contain both electric and 
magnetic charges in a symplectic invariant setting. 

We now show that it is actually possible to add further Fayet-Iliopoulos " elec- 
tric" mass-shifts to the fermion transformation laws which contain electric 
charges, in such a way that the total shifts are symplectic invariant, thereby 
giving rise to a symplectic invariant scalar potential. The technical proce- 
dure to arrive to such an extension is explained in detail in the Appendix 
B. There we show that, using Bianchi identities in superspace, the global 
Fayet-Iliopoulos term appearing in the transformation laws of the fermions 
can be written in the following symplectic invariant way: 

S AB = sf B + S^ = ^^(e A L A -m 7A M A ) (2.13) 

w iAB = w iAB(e) + w iAB(m) = ig i J(jX A B^x (yj* _ ( 2 _ M) 

Nt = N^ e) + N^ m) = 2U I A a (e I A L A -m IA M A ) (2.15) 

where we have assumed that the vector (m IA , e A ) transforms as the symplec- 
tic section V of equation (J2.7)) . In this case the scalar potential turns out to 
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be symplectic invariant and its explicit form is given by: 



V = 4 (Mu - 00*00}) (m IA M A - e A L A ) (m JS M E - e s L s ) + 

+u^ J {m I \ei)s( K m 2) ( 2 - 16 ) 
where the matrix S is a symplectic matrix given explicitly by: 

^ae and 9?as being the imaginary and real part of the period matrix A/as of 
the special geometry. Furthermore the electric and magnetic charges must 
satisfy the constraint: 

e{m JA - e J A m IA = (2.18) 

which follows from the Ward identity of supersymmetry. 
As before the dependence of the scalar potential on the g n 's appears only 
through the SU(2)®SO(n T ) vector u^(q u ), while the dependence on z, z ap- 
pears through the symplectic matrix of equation (|2.1fij) and the covariantly 
holomorphic sections L A , M\ of the special geometry. 

^From the point of view of dualization of = 2 standard theory the electric 
charges e A can be associated to the gauging of the translational group of 
the axionic symmetries with generators Ta and subsequent dualization of the 
axions, while the magnetic charges m AI can be thought to be associated with 
the isometry algebra of the same translation group, with generators T A , in 
the dual theory. Indeed if we would start in the standard N = 2 supergrav- 
ity from a purely magnetic theory with magnetic vector potentials A\, then 
the Killing vectors associated to the translational group of the axions would 
naturally have an upper index A as the generators of the translation group 
of the dual theory. 

In the case of Calabi-Yau compactification from Type IIB string theory the 
scalar potential (j2.16|) simplifies due to the important cancellation 
M.U — UjUj = [Tlj . Moreover [TJ], [S] one finds that the tensors 
Uj are given by [15J: 
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4 iJ = -e^Imr; 4 = 0; u£ ' = e^Rer. (2.19) 

where ip is the quaternionic scalar field defined as K in reference [T5\. Using 
the definition ()2.19|) one easily sees that the scalar potential for Calabi-Yau 
compactifications can be rewritten as: 



Vcy = ~\e 2ip 
where 



(e A - A7 AE m E ) (InxA/)" 1|Ar (e r - Af rA M A ) (2.20) 



e A = e A + re A ; m A = m 1A + rm 2A , (2.21) 

r being the ten dimensional complex dilaton. This is exactly the potential 
appearing in the quoted references, where the constraint ()2.18|) reduces to 
the "tadpole cancellation condition" 

e\m 2A - e\m lA = (2.22) 

We note that the constraint ()2.18|) (generalized tadpole cancellation condi- 
tion) is now a consequence of the supersymmetry Ward identity (j3.41j) that 
one uses to compute the scalar potential p. 

If one thinks of this theory as coming from dualization of the axionic coor- 
dinates q 1 of the quaternionic manifold of the standard N = 2 supergravity, 
the electric charges would appear as due to the gauging of the translational 
group of isometries q 1 — > q 1 + c 1 . Indeed the quaternionic prepotential ap- 
pearing in the gauge shifts of the fermions would be given in this case by the 
formula: 



VI = wf 4 (2.23) 

e A being the constant Killing vectors of the translations [11]. 
Note that the procedure adopted in reference [I] does not seem suitable in 
order to find the Abelian electric charges e A . In fact, it is evident that, 
even though formally they give rise to the same kind of structures pQ, the 
Abelian electric charges e A which pair together with the masses (or magnetic 
charges) m IA to reconstruct symplectic invariant structures P, |Zj, can 
not descend from the gauging of Abelian isometries of M. T since after du- 
alization such axionic symmetries are not present on the residual a-model 
on M.T- One can understand it by considering the relation with standard 
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N = 2 gauged supergravity [S] or just observing that if the Abelian electric 
charges must combine into a symplectic vector with the mass parameters 




(2.24) 



they must carry the same index I of the tensors, that is of the axions which 
have been dualized. Even if we suppose that not all the axions have been 
dualized and thus there are some translational isometries left on the reduced 
manifold, the corresponding Killing vectors would not carry the index / = 
1, . . . ,n T . 



3 The Lagrangian 

In this section we present the Lagrangian and the supersymmetry transfor- 
mation laws under which it is invariant. The method we used to derive 
the Lagrangian is the so called geometrical or rheonomic approach which is 
greatly facilitated when the solution of Bianchi identities in superspace is 
already known. The superspace geometrical Lagrangian and the solution of 
the Bianchi identities in superspace are shortly discussed in Appendix B. We 
limit ourselves in the main text to give the Lagrangian and the supersymme- 
try transformation laws up to 4-fermions and 3-fermions respectively, while 
the completion of the formulae containing quadrilinear and trilinear fermions 
are given in Appendix A. Our result is the following 2 

S = J d 4 x^C (3.1) 

£ = £bos + £ferm + ^Pauli + ^shifts + ^4f (3-2) 



£bos = -\n + g i3 d»z%z* + i (A7 AS ^ A ^- A ^ - NaJ^J***") 

+QM IJ H I , up nr p + g uv dy u d,q v + 2ft^V/ + 

-2e{ (> A - m JA Bj, u j B IprT -j= - V(z, z, q u ) (3.3) 

2 For the notations of N = 2 theory and special geometry we refer the reader to the 
standard papers 55> HOI 
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/'kin 

form 



c 



Pauli 



shifts 



£ f—rA 



'-g 



+A j a7 m V m A iA j - i (TV V M Ca + l a Y V M r 

(^V^Ai + V^/T Ajj + c.c.) 
-2 (p uAa d»q u ^C + PuAad^t^C + c.c.) 



(3.4) 



+6iM IJ Hi tivp 



—A 



+ 



+ A- A (InxAA) 



AS 



AB 



+ C.C. > + 



—A 



+2M IJ h» (Uj Aa ^ A ^a+U JAa ^C) + 
+2iM IJ h f }AjJ( f3 ^C 



(3.5) 



-AB—fi 



2S~~^ Al ^ B + ^W lAB \ A l,V B + 2iN*Cl^A + 



+ lgi^ k W 3 AB X A x kB ) + c.c. + CT inv + £ 



mv 
If 



(3.6) 



where the scalar potential 



V = 4(^ 7J -^)(m /A M A -e A L A )( 



m JS M- 



(m 7A , e A ) S 



m 



(3.7) 



coincides with the expression given in equation (j2.16|) . We have rewritten 
it in the Lagrangian for completeness. Notations are as follows (for what is 
concerned the special geometry quantities we use the standard notations of 
reference [TT], in particular i, j, t,J are curved indices on the special Kahler 
manifold): covariant derivatives on the fermions are defined in terms of the 
1-form SU(2)-connection u AB , the Kahler U(l) connection, Q, the Sp(2nj/) 
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connection A a/3 and Christoffel connection F l j defined on Msk ® -M-t (co- 
variant derivatives are defined in Appendix B). Note that fj 1 being part of 
the symplectic section of special geometry has a derivative covariant with re- 
spect to the Kahler connection. Furthermore P uAa is a "rectangular vielbein" 
PP related to the metric g uv of the a-model by the relation P u Aa P v A a = g U v, 
and P uAa = g uv P v Aa . 

Besides the field-strengths of the tensors, all the J, J indexed quantities, 
namely A^, Ui Aa , ui A B , A/ q , /3 are vectors on an SO(nr) bundle defined on the 
cr-model, whose metric is A4ij. We note that, if one thinks of this Lagrangian 
as coming from the N = 2 standard supergravity [TT], all these /-indexed 
quantities can be interpreted as the remnants of the original quaternionic 
metric h m (M 7J , A* u ), vielbein U£ a (W/ a ), SU(2) and Sp(2n) 1-form con- 
nections uj ab and A a/3 after dualization of the q 1 coordinates (q u = (q u ,q 1 )) 
of the quaternionic manifold. Moreover we have defined: 



= <V^] (3-8) 

= ^(^±^W^ AP<T ) (3-9) 

tiinvp = d\iiP>ivp\ (3.10) 
hlft = t i iv P cr'Hi upo . (3-11) 

The Lagrangian ()3.2j) is invariant under the following supersymmetry trans- 
formations: 



+ [iS AB r]^ u + e AB T~ u ] f ' e B + 3 fermions (3.12) 
5\ iA = i(V M ^)7^e A + G^7^e B e AB + ^% + 3fermions(3.13) 
5( a = iP uAa d ll q u ^e A - \h l JA IAo n»e A + N A e A + 3 fermions (3.14) 
K = -^A,l a e A -^tl a e A (3.15) 
SA* = 2L A ^e B e AB + 2L A ^ Afl e B e AB + 

+ (itfX\e B e AB + itX Al ,e B e AB ) (3.16) 

5B^ V = - l -(e Al ^C a U I Aa -e A 1 ^CU IAa ) + 
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-u IC A {sa1[^% + % A lv\e c ) (3.17) 

Sz { = X A e A (3.18) 

St = X A e A (3.19) 

Sq u = P^ Q (cV+C a V%e B ) (3.20) 

where the dressed field-strengths appearing in the transformation laws of the 
gravitino and gaugino fields are defined as: 

T~ = 2i(ImA/") AS L s ^~ + bilinear fermions (3.21) 

G*- = -g is ~fl (IraAT) rA + bilinear fermions (3.22) 



where the bilinear fermions are the same as in standard N = 2 supergravity 
and are given explicitly in the Appendix 13.21 We have written the transfor- 
mation laws only for the chiral spinor fields (ipAn, ^ tA , Co); t ne transformation 
laws for the anti-chiral fields (ip A , C°0 are immediately obtained from 
the chiral ones. 

Finally, the shift matrices Sab, W %ab and N£ are given by equations (|2.131 
12.1412. l5|) . We also note that the given Lagrangian is invariant under the 
gauge transformation 



55/ = dA/ 
5A A = -2m /A A/ 

where A/ is a 1-form, if and only if the following generalized tadpole cancel- 
lation condition is satisfied 

e{m JA - e J A m IA = 0. (3.23) 

Indeed JF A is invariant by itself while the topological term is invariant only 
if equation (|2.18|) is satisfied. As observed in the previous section, the same 
consistency condition also appears from the supersymmetry Ward identity 
from which one can compute the scalar potential. 

As far as the symplectic invariance is concerned ^B] , nothing is changed 
with respect to the standard N = 2 supergravity. Indeed if we consider the 
bosonic part of the Lagrangian for the vector and tensor fields, namely: 
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+ Avm^e I A BJ^BY llu - W A e A 5^ 5+ „ (3.24) 



and define 

• rWbos) 

= = - 2eIS^ (3.25) 

then equation (J3.24j) can be rewritten as 

i fa-G^^ ~ teLBTj*-"" + 4eKB^) + c.c. = 

= i [^ A -^i bos) " + 257 (m IA Q A - e^ A -)l + c.c. (3.26) 

The first term in (J3.26j) is the usual vector kinetic term of the standard 
N = 2 theory while the additional term is a symplectic invariant. Indeed one 
can easily verify that Q A ° S ^ , as defined in (J3.25|) . transforms as the lower 
component of the symplectic vector (J? rA_ , Q A ° sS) ), provided A/as transforms 
under the symplectic transformation ()2.9|) as usual, namely: 

A/^ E = (C + DAf) (A + BUY 1 (3.27) 

On the other hand the vector (m 7A , e A ) was already supposed to transform 
in the same way as the vector (L A , Ma) as does the symplectic vector (J^ A_ , 
G A ~) of the special geometry. 

If we also take into account the fermionic sector of the Lagrangian then £( bos ) 
is completed with bilinear fermions: 



Gtr = fej* (3.28) 

where P A ~ is the coefficient of JF^~IhiA/a£ in £pauii- Following the argument 
of reference , the full Lagrangian is on-shell symplectic invariant (or in- 
variant up to the TQ term) by adding non-symplectic invariant 4-fermion 
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terms £^ nmv . This non-invariant 4-fermion terms are exactly the same as 
in the standard N = 2 theory because so is the term — ^(lmJ\f)/^T>^~ and 
their explicit form is given in the Appendix A. is instead fixed only by 
super symmetry. Its explicit form again coincides with that given in the stan- 
dard theory except for some additional terms as explained in Appendix A. 
We also note that the equations of motion and Bianchi identities for the 
vectors have exactly the same form as in the standard theory, namely: 

df.lm^-^ = (3.29) 
d^lmG^ = (3.30) 

where Q]^ v differs from the analogous one of the standard N = 2 theory 
by the term linear in B Iflu appearing in the equation (|3.25|) . and they are 
symplectic covariant. 

Finally we note that the generalized tadpole cancellation condition (j2.18|) 
implies that the symplectic vectors m IA , e\ are all parallel. Therefore by a 
symplectic rotation we can choose the gauge where all the magnetic charges 
m IA are zero. In this case we are in a strictly perturbative regime. In an 
analogous way we could also rotate the charge vector in such a way that 
all the electric charges e\ are zero and we may think of this regime as a 
perturbative regime for a purely magnetic theory. 

3.1 Adding a semisimple gauging 

It is now immediate to generalize the theory given in the previous section 
by gauging the group of the isometries of the cr-model parametrized by the 
scalars q u of the scalar tensor multiplet. Let us call Q the group of isometries 
that can be gauged on such a manifold. The gauging due to Q was given in 
a general form in reference [T| where however there was no consideration of 
the Fayet-Iliopoulos terms giving rise to the electric charges. Such a gauging 
breaks of course the symplectic invariance of the equations of motion since it 
involves only the gauging associated to electric vector potentials. In order to 
distinguish between the Fayet-Iliopoulos terms and the new terms associated 
to the gauging we split the index A into (A = A, A), where A = 1, . . . , is 
used for the electric and magnetic charges and the related Special Geometry 
sections associated to the deformations coming from Fayet-Iliopoulos terms, 
while we denote by A, the index running on the adjoint representation of 
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the group Q, associated to the electric vector potentials that are gauged. 
Referring to reference PQ, we know that the fermionic shifts acquire a further 
term so that the total shifts are now given by 

(3.31) 
m lk M A k.32) 

(3.33) 

which in fact reduce to those given in reference [Tj if we set = 0. Here 
P A is the prepotential of the special geometry, V A is a new quantity which 
from the point of view of dualization of standard N = 2 supergravity, can 
be thought as the quaternionic prepotential restricted to M. T and k^ is the 
Killing vector of the gauged isometries. As we pointed out before, from 
the point of view of dualizing the standard N = 2 theory with quaternions 
the terms in appearing in the shifts can be thought of as coming from a 
translational gauging of the axionic symmetries on the quaternionic manifold 
before dualization so that, from this point of view, the gauge group which is 
gauged is T ® Q where T is an Abelian translation group gauging the axionic 
symmetries. 

The Lagrangian for the gauged theory can be written formally in exactly the 
same way as the Lagrangian (J3.2)) provided we make the following modifi- 
cation (for more details see the covariant derivatives on the fermions 
are now defined in terms of the gauged connections u AB , A a/3 , T l j defined in 
reference while the ordinary derivatives acting on the scalars z l and q u 
are now replaced by gauge derivatives: 



d,q u - 


- V M <f 




(3.34) 


<v - 


-> 


= + k\A k 


(3.35) 


d»? - 


-> 


= d,t + k\A k 


(3.36) 



Furthermore the scalar potential takes additional terms which are discussed 
in the next section. In order not to have too messy formula we do not perform 
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Sab = ^gVl^+'-al^fei^-m^M^ 
N a A = -2g (P uA a + AiU IA a ) k\L k - 2 U IA a (e k L k - 
W iAB = -ige AB gVP A f k + ig i h* AB gVlfj + 



the splitting A — > A, A on such generalized Lagrangian. However one must 
pay attention to the fact that saturation of indices A, £ in the Lagrangian 
have to be done according to this splitting; in particular saturation of the 
A indices with electric and magnetic charges run only on A and furthermore 
we have of course 



1 



= dA A + m IA B T . 



(3.37) 
(3.38) 



However the splitting A — > A, A will be performed explicitly in the next 
section for the discussion of the scalar potential in the presence of gauging. 

3.2 The scalar potential for the gauged theory 

The explicit form of the scalar potential is: 



_ / m JS \ 

V = g t ^ t L k L t + A(m r \elkl}Q\ e J ± + 



Uv 



where we have defined the following matrices 



(3.39) 



Q 



S = 



( MuM k M t 
-M u L A M t 
\-A«M K jL A M t A^M KJ M t L k 
T7 A /. N: -I s M A \ 



n = -4 



/ M A M t 
-L A M t 
V -L A M f 



~L A LP 
~l a l? 



L A L* 
L A L* 



-(S- 1 K) A f; 



-A^M IK M A L^ \ 
A«M KI L A L* 
(guv + AlAlMu^L^J 



J 

CJ-1|AE 
CJ-1|AE 



(ST 1 



R)a S \ 

cj-i|AE 



(3.40) 



17 



and where we have set as before = IhiA/ae, 9^ae = ReAGvs- 

The derivation of the scalar potential has been found from the supersymmetry 

Ward identity: 

5iV = -U^Scb + g l3 W lCA Wl JB + 2N*N a B (3.41) 

This identity implies that all the terms proportional to a Pauli er-matrix 
must cancel against each other. We find besides the constraint (|2.18jl the 
following new constraint: 

f At A (ImA0 A fi ™ ltl = AfiM = , (3.42) 

where 

m I A = (lmAf) Afl m ltl . (3.43) 

This condition was already discussed in reference pQ . There it was noted that 
this equation means that are the coordinates of a Lie algebra element 
of the gauge group commuting with all the generators, in other words a non 
trivial element of the center Z((/). From the point of view of dualization of 
the standard N = 2 supergravity with gauged translations this condition has 
a clear interpretation. Indeed since our theory can be thought of as coming 
from the gauging of a group T ®Q with T translational group of the axionic 
symmetries this condition is certainly satisfied since m IA is in the (dual) Lie 
algebra of T. 

The expression for the potential looks quite complicated; however we may 
reduce the given potential to known cases by suitable erasing of some of the 
rows and columns of the matrices Q, 1Z, S. 

First of all we note that if we delete the third row and the third column of the 
given matrices we obtain the form of the potential in the pure translational 
case with mass deformations given by equation ()2.16|) (with A — ► A) . If we 
further delete the first row and the first column, which means that we do not 
implement mass deformations so that the tensor fields are massless, then the 
potential reduces to [H] 

V = ~ {\mUY m elelu^j + 4 (M u - ^) 44ZV. (3.44) 
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Another possibility is to delete the first two rows and the first two columns, 
which means that we have no translational gauging but only the gauging due 
to Q. In this case the potential takes the form 



Note that this potential has exactly the same form as in the gauged standard 
N = 2 supergravity coupled to vector multiplets and hypermultiplets. The 
only difference is that the prepotentials and the Killing vectors appearing 
in the last two terms are now restricted to the manifold M.t of the scalar 
tensor multiplets. We also note that g uv + A I u A^ ! A4u is simply the original 
quaternionic metric restricted to the a-model. In an analogous way we could 
erase the first row and the first column of the given matrices we obtain the 
potential with gauging of group T <g> Q but without mass deformations and 
similarly for the other possibilities. 
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Appendix A: Completion of the Lagrangian 
and transformation laws 

In this Appendix we give the explicit expression of the 4-fermion terms, of 
the Lagrangian of section El and the complete supersymmetry transformation 
laws of the fermions including 3-fermion terms. 

As observed in section |3J the completion of the 4-fermion terms, can be 
split in two pieces namely nmv and £^ v . 

£nonmv can ^ e g xec i ^he knowledge of the Pauli terms, and as explained in 



g^kl^I? + 4 (g uv + AiA J v Mu) ^ V + 




(3.45) 
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the text, it is exactly the same as £™ nmv of the standard N = 2 supergravity 
PI]. We have: 

A™ = {(ImA0 A2 2L A L S tA B e C D + 

+ ' l -L^9 kl C t3k (^y^^V^ABecn + 

+fi7fg kI c ijk (t2^ B] ,yX A j^ B + 

~^C ijk C lmn g kf g n ~ s tf 7? V\A 3B X kC r u X lD e AB e CD + 



+ c.c. I (A.l) 



Of course the same terms can be obtained by supersymmetry. The residual 
4-fermion terms £4° nmv are instead only fixed by supersymmetry. It is clear 
that this terms are exactly the same as in the standard N = 2 theory provided 
one makes the following modifications: 

1. First of all we have terms quadrilinear in the ( a coming from the fact 
that dualization on space-time of the axionic coordinates q 1 gives, to- 
gether with the 3-form Hi^ up also the bilinear 2i Aj a p Cal r7 C be a-^up- 

2. One has also to reduce the symplectic curvature appearing in the fol- 
lowing 4-fermion term of A^ = 2 standard supergravity 



^(A) V U l Al U% 5 e AB € 5 * Ue C V (A.2) 
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according to the rules explained in reference pQ where A a p is the 
Sp(2n#) connection on the quaternionic manifold M.q 



A^ = A^ + ^A 



a 

Ip 



(A.3) 



One obtains 



IT 



Sis 



TZ a 0ts + FZAfp - 4V a] Aj^ + A\A J S A T %Aj^ (A.4) 



where the hatted indices in the l.h.s. refer to the quaternionic manifold, 
Ff S = d[ t A^ and 1Z a p ts is the symplectic curvature on A4 T defined by 



IT 



p = dA a p + A% A Ay 



Taking into account the previous modifications becomes 



(A.5) 



*-4f 



7j [aiJ^la^B ~ ^iClaCc^ ^A\pri\^v 



2V lJ " ia " B 



-0 



+ 



+ 



—V m Cjki\ j X mB X X ID €ac£bd + c.c. 



+ 



+ 12(LM /J A / a /3 A/", CaVC" C 7 7mC 5 + 
+24i.M /J A/* /3 C a7 „C /? [w/^T^ + UjA^tl^C 
+24iM IJ Aj%( a Y( P \Uj A ^ a ^+Uj A ^C 



+ 



(A.6) 
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The supersymmetry transformation laws of the fermions turn out to be 

8if>A\» = - ~ (diK\ lB e B - diK\ l B e B ^ ^ All + 

-h\ l u IA B e B + 12 i ^ Ia pCal^oJiA B e B + 
-2cu uA B P u Ca (e CD ^Z p e D + Z a e c ) ^ + 

^Uj^U'ca (e CD €^(,e D + C a e c ) ^ + 
+ {A A uB V^ + A' A uB lflu ) e B + 

+ [iSabV^ + cab (T- + [/+)] Ye B (A.7) 
5X iA = ^(d J K\ jB e B -d J KX ! B e B ^\ iA + 

-TwfjA'c* (e CD ^C,e D + C a e C ) \ iB + 
-oo u A B P u Ca (e CD €^(,e D +re C ) X iB + 
-r jk X kB e B \i A + i (v^ - VUa^) l"e A + 
+G-lY u e B e AB + D iAB e B (A.8) 

6Ca = -& ua p P u lA (e AB W s Z s e B + Ve A )Cp + 
-h I ^ IA B e B - 12 i A^C^C'VAs + 

+- A (d t KV B e B - ckK V B e B ) (a + 

+i (p u Bp V,q u - e BC C^ C 7 V^ - CVj) MabC^ + 
-xK^U^^e^ab <D a/3 + N A e A . (A.9) 

Note that these transformation laws, which have been obtained from the 
solution of Bianchi identities in superspace (see Appendix B), could be ob- 
tained from the corresponding formulae of N = 2 standard supergravity of 
reference by reducing the quaternionic index as explained in reference 
PP provided we make a suitable Ansatz in superspace for the 1-form hi as 
explained in the next Appendix. 
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Appendix B: Solution of Bianchi identities and 
the construction of the rheonomic Lagrangian. 

In this Appendix we first describe the geometric approach for the deriva- 
tion of the N = 2 supersymmetry transformation laws of the physical fields, 
and then we construct the rheonomic superspace Lagrangian. The solution 
of Bianchi identities in superspace will provide us with the supersymmetry 
transformation laws in space-time, while the restriction of the rheonomic 
Lagrangian to space-time will give the Lagrangian of section |3] and its com- 
pletion given in Appendix A. Since the present approach is completely anal- 
ogous to that used for N = 2 standard supergravity we will be very short 
referring for more details to Appendices A and B of the quoted reference. 
The first step to perform is to extend the physical fields to superfields in 
N = 2 superspace: that means that the space-time 2-form Bj, 1-forms u) ab , 
V a ,ip A , ip A , A A , and the space-time 0-forms X lA , X l A , z\ z l , ( a , ( a , q u are 
promoted to 2-, 1- and O-superforms in iV = 2 superspace, respectively. 
The definition of the superspace "curvatures" in the gravitational and vector 
multiplet sectors is identical to that of standard N = 2 supergravity except 
for the fact that the composite 1-form connections Q, u A B and A a p are now 
restricted to A4t instead of the quaternionic manifold. 
We have: 

T a = dV a -u a b AV b -i^ A A 7 > A = (A.l) 
p A = d^j A -- lab uj ab Atfj A + ^QA^ A + uJ A B Aij B = Vij A (A.2) 

p A = dij A - ^ ab u ab A ij A - l - Q A ij A + u A B A ip B = V^ A (A.3) 

R ab = dto ab -u a c Acu cb (A.4) 
W = dz l (A.5) 
V/ = df (A.6) 

VX A = dX u --j ab uj ab X u -^QX iA + r i j X jA + uj A B X iB (A.7) 

VA^ = dX\-- Alab u ab X\+ l -QX\ + r- 3 X\ + u JA B X" B (A.8) 

F A ee dA A + L A ^ A A^j B e AB + L A ^ A Aij B e AB (A.9) 
where u A B = ^uj x a x A B (uj a b = e Ac er> B loc d ) and Q are connections on 
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the SU(2) bundle denned on M. T and on the U(l) bundle defined on J^Ask, 
namely Q = — ^(diKdz 1 — d^Kdz 1 ) with K being the Kahler potential. The 
index A runs from to %, the index referring to the graviphoton. The 
Levi-Civita connection on M.sk is T*j and L A (z,z) = e^X A (z) is the upper 
half (electric) of the symplectic section of special geometry. Note that equa- 
tion (|A.lj) is a superspace constraint. 

Instead of the hypermultiplet curvatures we have now the tensor multiplet 
curvatures defined as 



Hj = dBj-ujA 3 ^ A la ^ B AV a (A. 10) 

P Aa = P u Aa dq u (A. 11) 

VC* = dQ a -- A u ab lab C a - l -QQ a + (A.12) 

VC = dC-^u^C+'-QC + A"^. (A.13) 
Applying the d operator to equations (|A.l|) - (|A.13j) . one finds: 

VT a +R ab A yb_ ty A A y,^ + { -pA A ^ a = q ( A ^ 

Vp A +\l ab R ah A^Pa-^KA^ a - l -R A B A iP B = (A.15) 

Vp A +\l ab R ah A ip A + A ip A + l -R A B A ip B = (A.16) 

VR ab = (A. 17) 

VV = (A.18) 

VV =0 (A.19) 

V 2 \ lA +^ lab R ab \ lA + l -K\ iA + R'jX^ - l -R A B \ lB = (A.20) 

V 2 \\ +\ lab R ab \\- l -KX\ + R- ] \\- l -R A B \' B = Q (A.21) 

VF A - Vl A A ^ A A ^ B e AB - VL A A ^ A ip B €ab 
+2L k ^ A A p B e AB + 2L A ^ A A p B e AB + 

+2m /A + cj /A B ^ 7a ^ B Ar)=0 (A.22) 



VHj -Vu IA B A ip B A la ^ A A V a + lu ia B (i/J B A laP A + 
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where the covariant derivatives are defined by equations (|A.2J) . (|A.3|I . (|A.7jl . 
(S3), |A~T2j) and (fA~T3j) . 

The solution can be obtained as follows: first of all one requires that the 
expansion of the curvatures along the intrinsic p-forms basis in superspace, 
namely: V, ip, V A V, V A ip, ip Aip, V A V A V, V a A V b A ip, V a A ip A ip 
and ip Aip Aip, is given in terms only of the physical fields (rheonomy). This 
insures that no new degree of freedom is introduced in the theory. 
Secondly one writes down such expansion in a form which is compatible with 
all the symmetries of the theory, that is: covariance under U(l)— Kahler and 
SU(2)®Sp(2, m)®SO(n T ), Lorentz transformations and reparametrization of 
the scalar manifold M.sk ® M-t- This fixes completely the Ansatz for the 
curvatures at least if we exclude higher derivative interactions (for a more 
detailed explanation the interested reader is referred to the standard reference 
of the geometrical approach JH] and to the Appendices A and B of reference 



It is important to note that, in order to satisfy the gravitino Bianchi identity 
in the ip A ip A ip sector, the second term in equation (jA.28|) . even though it is 
a 3-fermion term, is essential since its presence allows the cancellation of the 
shift term Sab in the gravitino parametrization (in the usual gauged N = 2 
standard supergravity the shift Sab is instead cancelled by the additional 
terms in the gauged curvature R ab ). 

The final parametrizations of the superspace curvatures, are given by: 



EH)- 



T 



>a 







(A.27) 



R 



Pa 



>ab 



PA\ ab V a AV b - ui A B U J Ca (e CD € a P C^d + C> C ) A i> B + 
-hlu IA B ipB A V a + (A A Blb Vab + A' A B ^ ab ) ?p B A V a 
+ [iS A BVab + e AB (T- b + 17+)] 7 V A V a 
R ab cd V c AV d -i (*p A 8c lab + ^ A Qa\c) A V c + 



(A.28) 
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+e ab V A V ij B [A' B A]C - A' A]C B ) + 
-2iw /A B ^V^ B (/i^ + ^iAj^CaT 6 ^) + 

+ie AB (ji+ab + ^-abj ^ A ^ _ ^ ^-«6 + jf+ab) A 

-^^^ A 7 a V B - S AB ^ A A 7 a VB (A.29) 

F A = K b V a AV b + i(tfV\^ B e AB + itV Ala ^ B e AB )AV a (A.30) 

VA iA = V a \ iA V a + iZ l a j a ^ A + GJ-f ab e AB ^ B + W tAB ij B (AM) 

= Z*V a + A ipA (A.32) 

pA« = p/«v a + ^ A C Q + e AB( D a/3 ^ B C/3 (A.33) 

Hj = H Iabc V a AV b AV c -^ (Uj Aa ^ Alab C a - U IAa ^\ b C a ) A ^fA\34) 

VCa = V a C Q ^ a + iPaAa7V-^aW/Aa7V + ^A (A.35) 

where: 

A A ^ B = ~9M(trX lB -S B trX lC ) (A.36) 

4*"* = \m (^7 B A' fl - ^7°^) - ^ a 7 a C a (A.37) 

#? |c = 27^ + 7^; ^ A = 2 7 [V] c l A + 7 c p a6|A (A.38) 

-^C*7a^ A ) (A.39) 

^6 = \^C a labCp (A.40) 

-^C^Ca7a & C^ A l (A.41) 



5ab = (e A L A - m /A M A ) (A.42) 

A^f = -2W/ a (e A L A -m 7A M A ) (A.43) 
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W iAB = ig is a xAB gVlfj + 

+ig*o asAB u x I (e'Jj - m IA h Aj ) (AAA) 

where according to what has been discussed in the main text, F A = F A + 
2m IA B I . 

Let us now discuss the appearance in the parametrization of the fermions of 
the shift terms Sab, W iAB and N A . 

If we set these shifts to zero, we have the solution of the Bianchi identities 
provided JF is replaced by T. The extended solution containing these shifts 
can be retrieved as follows: if we look at the Bianchi identity (jA.22|) . with 
T replaced by J 7 , then adding the so far unknown shifts gives in the sector 
ip r y a %l)cV b the following extra terms: 

(~\e AB W lAc f A + L A S Ac e BA + c.c.) 2 A y^c A V a = 0. (A.45) 

Taking into account the identities of Special Geometry [TI], the solution of 
equation (jA.45|) must have the following form: 



S AC = D AC L A (A>46) 

W lAC = 2g^f A D AC (A.47) 

where D AC is a set of riy + 1 SU(2) symmetric tensors so far undetermined. 
The magnetic mass-shifts can be obtained as follows; we set: 

D AC = ~a xAC ou]m IA M A (A.48) 
then using the Special Geometry identity: 

g^tfhzj - c.c. = i5 A + I A M E - L A M S (A.49) 
one sees that the residual term 

-m IA M A uj IA B ^ A Ay a ip B AV a (A.50) 

is cancelled by the redefinition (j2.11j) using equation (jA.10|) . This solution for 
the magnetic shifts can be further generalized to include electric mass-shifts 
by extending the definition of D AC as follows: 
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Df -> Df + V^eizA (A.51) 

Indeed the new terms cancel identically by virtue of the Special Geometry 
formula 

gvtfff = -\ (ImA/") _1|AS - L A I E . (A.52) 

Finally the mass-shift N£ can be computed from the gravitino Bianchi iden- 
tity looking at the coefficients of the ip A ip A ip terms. Indeed in this case 
one finds, after a Fierz rearrangement, the following equation: 

Sab = ~<T x ABUiU W aNg (A.53) 
which determines N% to be 

N% = -2U IA a {e{L A - m IA M A ) . (A.54) 
where we have used the identity [Tj: 

U IA a U JBa + U JA a U IBa = Mije AB - (A.55) 

In this way equations (jA.42|) . (jA.44|) and (|A.43|) are reproduced. 
It is important to stress that the field-strengths R ab c d, f>A\ab, F A b1 
pAa = p^ a ^j a q ) V a A , VqCq, and their hermitian conjugates are not space- 
time field-strengths since they are components along the bosonic vielbeins 
V a = V® dx^ + V£d6 a where {V^, V£) is a submatrix of the super-vielbein 
matrix E 1 =(V a , ip) (see Appendix A of reference Note that in the com- 
ponent approach the "tilded" field-strengths defined in the previous equa- 
tions are usually referred to as the " supercovariant" field-strengths. 
The previous formulae refer to the theory without gauging of the group Q. If 
the gauging is turned on then we must use gauged quantities according to the 
rules explained in reference jTIJ. In particular the differentials on the scalar 
fields z\ z l and q u are redefined as in equation ()3.35|) . ()3.36|) . ()3.36|) and the 
composite connections and curvatures acquire extra terms as explained in 
reference [IT] . Furthermore for the gauged theory the index A has to be split 
according to the discussion of subsection I3. II For example, equation (|A.24|) . 
(lA~18l) and (lA~T9l) become: 
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VP Aa - (F k - L k ^ A i> B e AB - L l ^ A ^ B e AB ) k\P u Aa = (A.56) 
W - (F k - L A ^4 A ip B e AB - L K lp A A i> B e AB ) k\ = (A.57) 
V V - (F K - L K i) A A ifj B e AB - L k ^ A A ^ B e AB ) k\ = 0. (A.58) 

Furthermore the curvature 2-forms K, R ab , R al3 become gauged according 
to the procedure of reference [TTj . 

Finally we recall that the solution we found is an on-shell solution, and it 
also determines the geometry of the Special Kahler manifold (see Appendix 
A of P3]) and the geometry of M. T that has been analyzed in reference pQ. 
The determination of the superspace curvatures enables us to write down the 
N = 2 supersymmetry transformation laws. Indeed we recall that from the 
superspace point of view a supersymmetry transformation is a Lie derivative 
along the tangent vector: 

e = e A D A + e A D A (A. 59) 

where the basis tangent vectors D A , D A are dual to the gravitino 1-forms: 

D A {i, B )=D A {i, B ) = t (A.60) 
where 1 is the unit in spinor space. 

Denoting by /i J and R 1 the set of 1- and 2-forms (V a , ip A , ip A , A A , Bj) and 
of the 2- and 3-forms [R ab , p A , p A , F A , Hf) respectively, one has: 

i/j? = (i e d + di e ) /J 1 = (Def + i e R J (A.61) 

where D is the derivative covariant with respect to the N = 2 Poincare 
superalgebra and i t is the contraction operator along the tangent vector e. 
In our case: 

{Def = i(^ Al -e A + ^ A re A ) (A.62) 

(De) a = Ve a (A.63) 

(Def = 2L A ^ A e B e AB + 2L A ^ A e B e AB (A.64) 

(Def = uj ia b (^ Bla e A + ^\e B ^V a (A.65) 
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(here a is a spinor index) 

For the 0-forms which we denote shortly as v x = (q u , z\ z 2 , X lA , X A , ( a , ( a 
we have the simpler result: 



Using the parametrizations given for R 1 and Vz/ X and identifying S e with the 
restriction of £ e to space-time it is immediate to find the N = 2 supersym- 
metry laws for all the fields. The explicit formulae are given in Appendix A. 

Let us now derive the space-time Lagrangian from the rheonomic Lagrangian. 
The meaning of the rheonomic Lagrangian has been discussed in detail in the 
literature. In our case one can repeat almost verbatim, apart of some mi- 
nor modifications, the considerations given in Appendix B of ^T]. We limit 
ourselves to write down the rheonomic Lagrangian up to 4-fermion terms 
since the 4-fermion terms are almost immediately reconstructed from their 
space-time expression given in Appendix A by promoting the various terms 
to 4-forms in superspace. The most general Lagrangian (up to 4-fermion 
terms) has the following form (wedge products are omitted): 



4 = iedv 1 



i e (Vz/ X — connection terms.) 



(A.66) 




(A.67) 



Irav 



R ab V c V d e abcd - 4 ($\p A - ^ A iaP A ) V a 

PiQij [K (v# - ^ A x A ) + X (w - ^ A \ lA )] n a + 

+if3 2 g i3 (T VVA J A + A J A7 a VA 4A ) Q a + 
+i/3 3 (Ar AS F^+A7 AS F^) 

(a7 as f^; F E+ ^ - at A eF^f a - e f) n + 



(A.68) 



+d 1 M 1J h Id 



[Hj-2iA J a (3 ( al a C^ 
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v d + 



-—d 1 M IJ h Ie h Jf rj e fn + 



48 1 

+hP aAa [p Aa - lp A c - e AB € a ^ B c P ) n a + 



--b 1 P Aa P e Aa Q + 



'Pauli — 



+d 2 (Hj-2iA I a /3 Cal a C^a + 

+u IA B i)\il) B V a ) A l u P u C(x P c « 

P 5 F A [U^L^ A ij B e AB + 7f A ^ A ^ B e AB ) + 

+i(3 6 F A (jf^ffV A la ^ B e AB + JW?AWb^ S ) V™ + 
+/5 7 F A (M -77) 



(A.69) 



'AS 



top 

^tors 
^Shifts = 



Vi/f r A 7 a 6 A^e AB - V -J^ A i ab X B e AB ) V a V h + 
+b 5 F A (AT - AT) AS (L E C a 7a b C^ a/3 - Z^VC^a/?) + 

+d 3 (if, - 2 i A, Vc^C^a) (U IA %1>A + U'at?^) + 

+d 4 (#/ - 2iA / %C a 7 a C / U) A J 7 a (cV*) V d (A.70) 
a e{ [P A - L^V^ - L A ^ A ^ B e AB - i {f A X iA ^ B e AB + 

+t\\la^ B t AB ) V a - m JA Bj\ Bj (A.71) 
((3 m T\\ A + h( a ia( a ) T b V b V a (A.72) 

(Sab^^b + S AB ^ Alab ^ V a V b + 
+i 5 2 <7*j (W^ a1 7 >b + W^ AB r A 7 > B ) fi a + 

+i 5 3 (JV2 Ca7°^ + CV^) + 
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+^g t jV k W\ B \ iA \ kB + c.c.) n (A.73) 

^Potential = -~V(q, Z,z)fl (A.74) 

o 

where we have defined 



n = e abcd v a v b v c v d , n a = e abcd v b v c v d (A.75) 

and the scalar potential V(g, z, z) is given by equation ()3.39|) . Furthermore 
we have introduced auxiliary 0-forms F^ fe A , Z*, hf a , P a Aa whose variational 

equations identify them with F ab , Z*, hj a , P a Aa defined by the solution of 
the Bianchi identities. These auxiliary fields have to be introduced in the 
kinetic terms of the Lagrangian in order to avoid the Hodge duality operator 
which would destroy the independence of the variational equation from the 
particular bosonic hypersurface of integration. 

The variational equations, together with the principles of rheonomy fix the 
undetermined coefficients in the Lagrangian to the following values: 



A = -; & = --; & = 4i; & = -!; A> = 4; ft = -4; 

1 4 2 

l3j = -; 6i = --; 6 2 = -; &3 = 2; 6 4 = -2; 6 5 = 1; 

*i = 4; ^=1; 5 3 = ~; = — ; 4 = -i; 5 6 = 1; 

dj = -8; d 2 = 8; cf 3 = -8; d 4 = -8i; a = 8. (A.76) 



In order to obtain the space-time Lagrangian the last step to perform is the 
restriction of the 4-form Lagrangian from superspace to space-time. Namely 
we restrict all the terms to the 9 = , d8 = hypersurface In practice 
one first goes to the second order formalism by identifying the auxiliary 0- 
form fields as explained before. Then one expands all the forms along the dx^ 
differentials and restricts the superfields to their lowest (6 = 0) component. 
Finally the coefficient of: 

dx" A dx v A dx p A dx a = {y/gd*x) (A.77) 
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gives the Lagrangian density written in sectional The overall normalization 
of the space-time action has been chosen such as to be the standard one for 
the Einstein term. 
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